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General random walk model of ATP-driven helicase translocation along DNA
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A general random walk model is presented which can be used to statistically describe ATP-driven movement
of a helicase~DNA unwinding enzyme! along a DNA chain with a nonuniform distribution of obstacles on the
chain. These obstacles are representative of DNA-bound proteins, drugs, counterions, and DNA packing
environment. We carried out a calculation on a DNA chain with an obstacle distribution that mimics DNA in
chromatin~folded DNA-protein material in cells becomes chromosome in partially unfolded form!. Our cal-
culated helicase movement speed shows significant reduction with increasing obstacle strength. At the strong
strength limit, the calculated speed is found to be consistent with the observed helicase unwinding rate for
chromatin DNA. Therefore the model presented in this work is of potential application in the analysis of the
effect of random obstacles on biomolecular translocation along DNA. The behavior of the helicase transloca-
tion under different obstacle strengths and along different lengths of DNA is discussed.
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INTRODUCTION

In the DNA replication process, a DNA polymerase co
plex translocates and pushes the replication fork along D
chain @1#. A class of DNA unwinding enzymes, DNA heli
cases, is involved in the base pair separation at the fork@2,3#.
This unwinding process is driven by the hydrolysis of AT
@3,4#. So far little is known regarding the mechanism
which a helicase unwinds a DNA double helix. It has be
proposed that the helicase unwinding process can be fa
tated by a thermal fluctuational base pair opening@5#. One
can then hypothesize@6# that ATP-driven helicase unidirec
tional movement continues while thermal fluctuation ope
up the DNA double helix in front of the helicase. The he
case in turn prevents reformation of the DNA base pairing
exerting particular DNA-protein interactions along the DN
single strand on which it is translocating.

In order to show whether a helicase can undergo
above-mentioned ATP-driven translocation, a variety of
rameters that characterize this process needs to be d
mined @6#. Although the processivity~which measures the
rate for the helicase to remain bound to the DNA chain! and
directionality of such a translocation process have been m
sured in certain systems@7,8#, the translocation process itse
cannot generally be monitored by chemical means as the
no defined product associated with the translocation. Th
fore theoretical models need to be developed such that
observed ATP consumption rates can be interpreted and
translocation process can be described.

In an attempt to derive the rate constant of an ATP-driv
translocation process along a DNA chain, a biased rand
walk model was developed by Younget al. @6#. This model
is based on Berg’s random walk model of the diffusion p
cess of a repressor along a strand of DNA@9#. A biased walk
is introduced to statistically describe the translocation alo
the chain with uniformly distributed obstacles. However,
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most situations the distribution of obstacles along the DN
chain is nonuniform. For instance, DNA in chromatin wra
around histone protein complexes at regular locations al
the chain@1,10#. These DNA binding histone proteins act a
periodic obstacles to the helicase translocation. DNA regu
tory proteins and DNA binding drugs also act as obstacle
certain locations on the chain. In addition the varying cou
teria distribution and DNA packing environment can al
affect the translocation nonuniformly. In order to take in
consideration these nonuniform obstacles, it is necessar
develop a generalized model with a nonuniform biased wa
In this paper we present such a model and apply it to
system that mimics DNA in chromatin. We will examin
whether our model can account for the observed slow-do
of the replication rate in chromatin DNA. We will also ana
lyze the effect of obstacle strength and DNA chain length
the translocation.

THEORETICAL MODEL

Following Berg @9# and Younget al. @6#, we regard the
ATP-driven translocation of a helicase as a biased rand
walk on a DNA chain with lengthL. We define a one-
dimensional coordinate system along the chain with its o
gin at the left end. The helicase at positionx is then assumed
to walk to the right with a probabilityr(x) and to the left
with 12r(x). r(x) is position dependent because of t
nonuniform distribution of obstacles along the chain. T
walk is assumed to be biased towards the right of the ch
and therefore12<r(x)<1. Let Dt andDx be the time and
distance of each step, and we further assume that they
position independent; then, the mean timeT(x) for the heli-
case to walk from positionx to L satisfies the equation

T~x!5Dt1r~x!T~x1Dx!1@12r~x!#T~x2Dx!. ~1!

In the case ofr(x)5const, this equation becomes that giv
by Berg@9#. This equation can be rewritten as a second-or
difference equation
919 © 1997 The American Physical Society
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@12r~x!#
@T~x1Dx!22T~x!1T~x2Dx!#

~Dx!2

1
@2r~x!21#

Dx

@T~x1Dx!2T~x!#

Dx
1

Dt

~Dx!2
50.

~2!

For DNA the stepDx is no less than the distance betwe
neighboring base pairs (;3.4 Å!. Nonetheless, it is worth
noting that, in the limit of small steps,Dx→0, Eq. ~2! be-
comes the differential equation

@12r~x!#
d2T~x!

dx2
1

@2r~x!21#

Dx

dT~x!

dx
1

1

D
50, ~3!

whereD5(Dx)2/Dt.
This differential equation can be solved for a given set

boundary conditions. For a right biased walkT(L)50. If we
assume thatx50 is a reflecting boundary, at which the h
licase always moves towards the right, th
T(0)2T(Dx)5Dt, which gives dT(0)/dx52Dt/Dx.
These two conditions are used in this work.

Given the solution of Eq.~2! or ~3!, one can determine th
speedV(x)5(L2x)/T(x) and rate constantK(x)51/T(x),
the inverse of the mean translocation time, of the helic
translocation from positionx to the right endL. Replication
in chromatin often involves multiple simultaneously replica
ing sections with varying lengths@1#. The experimentally
measured replication speed is the average speed of thes
dividual replication processes. To better compare with ob
vations, the statistical average speedV̄ will be calculated in
this work:

V̄5
1

LE0
LL2x

T~x!
dx. ~4!

Equation~3! has analytic solutions whenr(x) is position
independent. For instance, whenr(x)51, which corre-
sponds to a completely biased walk, Eq.~3! becomes

dT~x!

dx
1

Dt

Dx
50, ~5!

which has the solution

T~x!5
Dt

Dx
~L2x!. ~6!

The average speed of translocation is then

V̄5
Dx

Dt
. ~7!

As expectedV̄ is independent of the chain length.
In another caser(x)5 1

2, Eq. ~3! is reduced to

d2T~x!

dx2
1

2

D
50, ~8!
f

e
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which is the equation derived by Berg to describe the dif
sion process along a DNA chain@7#. Under our boundary
conditions this equation has the solution

T~x!5
1

D
~L22x2!1

Dt

Dx
~L2x!, ~9!

from which one can derive the average translocation spe

V̄5
D

L F lnS 2LD 1
Dt

DxD2 lnS LD 1
Dt

DxD G , ~10!

which is dependent on the chain length. For largeL,
V̄→(D/L)ln2.

If r(x) is a complicated function ofx, it is difficult to find
analytic solutions for Eq.~3!. In this case the translocatio
time can be derived by numerically solving Eq.~1! or ~2!.
Equations~1! and ~2! are also biologically more relevant a
the minimum stepDx is no less than the distance betwe
neighboring base pairs.

RESULTS AND DISCUSSIONS

To study the effect of chromatin packing on ATP-drive
helicase translocation, we carried out a calculation to de
mine the average translocation speed and rate constant
DNA chain with a distribution of obstacles that mimics
DNA in chromatin. For comparison a calculation on a
obstacle-free DNA chain is also carried out.

The parameters for our model are chosen as follows:
step of the walkDx53.4 Å is the distance between neigh
boring DNA base pairs. To adequately describe a translo
tion on the DNA in chromatin a chain with at least 50 n
cleosomes, each a unit section of chromatin, needs to
considered. Each nucleosome contains about 245 base
@1,10#. Therefore a DNA chain with 12 250 base pairs w
be considered in this work. Such a chain has a lengthL of
41 650 Å. There is a lack of experimental data that can
used to determine the time for each walkDt. Therefore the
fastest observed DNA replication rate is used to tentativ
determineDt. The observed replication rate for bacteriop
age T7 is 780 base pairs per second at 303 K@11#. This gives
aDt of 1.331023 s. It is noted that the observed replicatio
speed depends sensitively on temperature. The chromatin
periment to be compared in this work was carried out at 3
K @12#. Therefore the observed bacteriophage replication
at the same temperature is used to define the parameter i
model.

The ATP-driven helicase translocation on an obstacle-f
DNA chain can be considered as a completely biased ran
walk. Therefore the average translocation speedV̄ is given
by Eq. ~7!, which is 2.653103 Å/s, the observed replication
rate for bacteriophage T7.

In chromatin, DNA is packed into several levels of org
nization. The first level is the wrapping of the DNA ont
histone octomers at regular locations on the DNA chain
form a beads-on-a-string protein-DNA chain. A unit conta
ing a histone-DNA bead plus the linker DNA chain that co
nects to the neighboring beads is named nucleosome.
nucleosomes are further aligned and folded into sev
higher-level organizations@1,10#. These higher-level organi
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zations are unfolded before replication can take place
hence they have little effect on helicase translocation at
replication fork. On the other hand, biochemical tests in
cated that, as the DNA polymerase complex~an enzyme
complex with which the helicase is attached! passes, the nu
cleosomal DNA uncoils from the histone octomer witho
releasing it completely@1#. Therefore histone octomers act
obstacles to the helicase translocation. Because of the
odic distribution of these histone octomers, the probabi
for the biased walk changes periodically. It is reasonable
assume that the resistance to the helicase movement is m
stronger in the central core region of a nucleosome, wh
the histone octomer is located, than in the regions at b
ends of the nucleosome where the linker DNA is locat
Therefore a sine periodic function can be used to simu
the effect of the histone octomers on the ATP-driven helic
translocation:

r~x!512 1
2 esin2~ax!. ~11!

It is pointed out that other forms of periodic functions c
also be used to describe the essential features of the his
resistance. Because of a lack of the knowledge on the de
of histone-DNA interactions, it is unclear which period
function better mimics the effect of histone octomers. Hen
for simplicity a sine function is tentatively employed in th
work.

The length of the DNA chain in a nucleosome is 833
from which we obtaina53.831023 Å 21. e describes the
level of obstacle resistance. For a right-biased w
0<e<1. In the central core region the bias is likely to b
reduced to a near-minimum valuer(xc)'

1
2 due to the strong

resistance of the histone octomer to the helicase movem
Therefore the likely value ofe in the chromatin ise'1.

To analyze the translocation at different levels of obsta
strength, several values ofe are considered. The calculate
mean timeT(x)’s for the helicase to travel from positionx to
L are shown in Fig. 1. All of theT(x)’s are found to follow

FIG. 1. The calculated mean timeT(x) of an ATP-driven heli-
case translocating from positionx to L on a DNA chain with ob-
stacle distributionr(x)512

1
2esin

2(ax). The length of the DNA
chain L541 650 Å. The lines from bottom to top correspond
e5 0, 0.5, 0.7, 0.9, 0.95, and 1.0, respectively.
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approximately a linear relationship withL2x. In addition
they show periodic zigzag features reflecting the effect
periodic obstacles in the chain. As expected both the sl
and magnitude of the zigzag feature ofT(x) increase with
increasing e. The increase rate is relatively small fo
0,e,0.5 which corresponds to the weak obstacle stren
The rate increases more and more rapidly at higher value
e. In the region of 0.95,e,1 the rate is 3 times larger tha
that in the region of 0.7,e,0.9.

The calculated average translocation speedV̄ as a func-
tion of obstacle strengthe is shown in Fig. 2~solid line!. For
comparison the observed replication rate for chromatin D
is also included~dashed line!. The observed rate falls into th
region in 0.95,e,1, which corresponds to the strong o
stacle strength expected for chromatin. The best matc
found at e'0.99 at whichV̄'400 Å/s. This is compared
with the observed replication rate of 416.7 Å/s in the ch
mosomes of Chinese hamster cells@12#.

The behavior ofV̄ at different obstacle strengths can b
seen in Fig. 2. At low obstacle strength (e,0.5) V̄ decreases

FIG. 2. The calculated average speedV̄ of an ATP-driven heli-
case translocating along a DNA as a function of the obsta
strengthe ~solid line!. The obstacle distribution and chain leng
are the same as that in Fig. 1. The dashed line corresponds t
observed replication speed of 416.7 Å/s in the chromosome
Chinese hamster cells@12#.

FIG. 3. The calculated average replication speedV̄ in chromatin
DNA as a function of the number of base pairsN in DNA chain.
N is in units of kilo-base-pairs~kbp!.
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linearly ase increases. The rate of decrease becomes la
and larger whene further increases from 0.5 to 1. In th
region ofe.1, where obstacle resistance is so strong tha
left-biased walk occurs at the core region of histones,
decreasing rate gradually reduces. Ate.1.1, V̄ levels off
and approaches 0.

The effect of DNA chain length on the average speedV̄
of translocation is shown in Fig. 3. From Fig. 3 one can s
that V̄ is very sensitive to the chain length for a chain w
less than 12 250 base pairs. It changes from 765 Å/s fo
490-base-pair chain to 413 Å/s for a 12 250-base-pair ch
For a chain with more than 12 250 base pairsV̄ becomes
relatively insensitive to chain length.
.
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CONCLUSION

A general random walk model is proposed which d
scribes the essential features of the effect of random
stacles on ATP-driven helicase translocation along DN
Our model is applied to the translocation along chroma
DNA. At the strong obstacle strength limit our results a
consistent with experiments. The effect of the obsta
strength and the DNA chain length on the translocation
also analyzed. Our model has potential applications in ot
biomolecular translocation processes such as the trans
tion of RNA polymerase along DNA in transcription and th
diffusion process of a protein or DNA binding drug alon
DNA.
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